ON THE STRUCTURE OF SETS OF TRANSITIVE POINTS FOR
CONTINUOUS MAPS OF THE INTERVAL

DAVID POKLUDA

ABSTRACT. For continuous transitive maps of the unit interval we give the fol-
lowing characterization of transitive points, i.e. points with a dense trajectory.
A set A is a set of transitive points of a continuous map f of the compact unit
interval I = [0, 1] into itself if and only if the set I\ A is a first category set of
type F, and c-dense in [.

It is well-known that for a continuous map f of a compact metric space X, the
set Tr(f) of transitive points of f, i.e. the set of points in X with dense trajectory,
is a dense Gy set. The argument is straightforward:

Denote by B a countable base of X. The set of transitive points of the map f is
then of the form Tr(f) = Naes U =y f"(G) and therefore, a G set, which is dense
since any | J 2, f/7"(G) is dense.

But, not every dense, G set is a set of transitive points of a continuous map. In
this paper we give a characterization of sets of transitive points (cf. Theorem 6 bel-
low). For the proof we use Proposition 3 and two Sharkovskii’s results (Proposition
4 and 5). We will also state an alternate proof which is more elementary. This proof
uses Lemma 7 and doesn’t use the Sharkovskii’s results.

The symbol I stands for the compact unit interval [0, 1] everywhere in this paper.
Recall that for a map f : [ — [ and a point x € I, the set {f"(z),n € NU{0}}
is called trajectory of the point x for the map f. The set of limit points of the
trajectory of the point x is called w - limit set. The map f is called transitive if for
every two nonempty open sets A, B C [ there is a positive number n € N such, that
M (A)YNB # (. The map f is called bitransitive if the maps f, f? are transitive. The
point x € [ is called transitive point of the map f if the point x has a dense trajec-
tory in I. The set of all transitive points of the map f is denoted by Tr(f). Finally
the set is called basic if it is a maximal uncountable w-limit set and the set contains a
cycle. Tent map of the interval I is map g : I — I, such that g(x) = 2x for x € [0, %]
and g(x) = 2(1—x) for x € (3, 1]. For more terminology see a standard book like [2].

Recall the following result (cf. [4], p. 355)
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Proposition 1. (Alezandroff-Hausdorff) An uncountable Borel set A of a com-
pletely separable metric space contains a set that is homeomorphic to the Cantor
set.

Lemma 2. Let D be an F,, first category and c-dense set. Then there is a system
of perfect and nowhere dense sets { H,}2 | such that H, C H,1 for each n and any
contiguous interval J to a set H,,, JNH, 1 # 0, inf JNH, .1 = minJ, sup JNH, 1 =
max J and | JH, = D.

Proof. Put D = |J,_, F,,, where F,, are nowhere dense closed sets, and denote
F = F,. Let {U,}22, be the system of intervals contiguous to F'. For every n find a
Cantor set C,, C U,ND with inf C,, = min U,, and sup C,, = max U, (cf. Proposition
1). Put H; = FUlJ,~, C, and note that H; is a Cantor set.

Suppose by induction that Hi,..., H, are defined. Denote F' = F},,; U H, and
{U,}52, the system of intervals contiguous to F. For every n find a Cantor set
C, C U, N D such that inf C,, = minU,, and sup C,, = max U, (cf. Proposition 1).
To finish the proof denote H, 1y = F U|J —, C,, it is a Cantor set. ]

The following lemma is used in the prove of the main theorem, and it is interesting
even by itself. Even though the prove can be found in [3] we will prove it here since
our argument seems to be more simple.

Proposition 3. Suppose A, B are first category, F, and c-dense sets in I = [0, 1].
There is a homeomorphism ¢ : I — I where ¢(A) = B.

Proof. By Lemma 2, A =J>7, A, and B = |J,, B,, where A, are perfect, nowhere
dense, A,, C A, for every n and similarly for B,. To show that the sets A and B
are homeomorphic, define a system of maps {,}32,, ¢, : I — I, for every n where
Qon(AZ) = Bhi < n and ka|Ak = 90n+k|Ak7n > 0.

Denote by ¢; a homeomorphism that maps A; onto B;. Suppose by induction
that ¢1,...,p, are already defined. Let J be an interval contiguous to A, (clearly
the interval ¢,,(J) is an interval contiguous to B,,, because the map ,, was defined
this way). The symbol ¢, 11 will now denote a homeomorphic map where ¢, 1] :
J = ¢n(J) and @,1(J N Api1) = @n(J) N Byyr. To finish the proof note that
| ontk — @nll < supp||P]| for every n, where P are contiguous intervals to B,.
Denote ¢ = lim,, o, ¢, This map ¢ satisfies the conditions for the homeomorphic
map between the sets A and B. O

Proposition 4. (A. N. Sharkovskii) Suppose & is basic set and wg(x) C @. Then
the points y € & for which wi(y) = wy(x) are everywhere dense in ©.
Proposition 5. (A. N. Sharkovskii, cf. [5]) Assume that f € C(I,I). If f has a
periodic orbit of period different from a power of two then there exists an uncountable
set B C I such that {w¢(z)}rep is ordered by inclusion.

Let us note that in [6] it is stated without proof that the two conditions in Propo-
sition 5 are equivalent. However this is not true, cf. Theorem B in [1].
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Theorem 6. A setT C I is a set of transitive points for a continuous map f: [ — I
if and only if I \'T is a first category set, F, and c-dense in I.

Proof. Let f be a transitive map. Clearly Tr(f) = {z;w¢(z) = I} is G5 and dense
set. The set I is therefore a basic set of the map f. It is sufficient to show that the
set I\ Tr(f) is c-dense. Since I = @ is basic and there is x € I such that wy(z) C @
and the set {y € I;ws(y) = wyp(x)} is dense in I (cf. Proposition 4). Moreover the
set I = @ is basic and so there is a decreasing sequence of sets (with respect to
inclusions) of w-limit sets (cf. Proposition 5).

To prove the converse denote by ¢ the tent map of the interval I. The set Tr(g),
the set of transitive points of the map g, satisfies the conditions for a transitive set.
Suppose a set T is G5 and I \ T is c-dense. It is sufficient to show that the set
is homeomorphic with the set Tr(g). Denote ¢ : T — Tr(g) be a homeomorphic
map (cf. Proposition 3). The map f = ¢! - g ¢ is our continuous map that holds
Te(f)=1T. O

The above proof of the theorem is not trivial because of the two Sharkovskii’s
results. We can prove this lemma in a more elementary way by using the following
lemma.

Lemma 7. Let f be a transitive continuous map f : I — 1. Then for every interval
J there is an invariant nowhere dense set F; such that #(J N Fy) = c.

Proof. Assume, we are given an interval J. If the map f is bitransitive we can find
two disjoint intervals Jy, Ji, where JoUJ; C J and n € N such that f(Jo)Nf™(J;) D
JoU Jp. If the map is not bitransitive then there are two sets A, B such that f(A) =
B, f(B) = A and f?|4, f?|p are bitransitive. In this case we will choose the sets Jy
and J; from J N A where JNA # 0 (if JN A = () then we will choose the sets from
JNB). Denote f™ by g and set G = (\,—y g "(JoUJ1). Then the set G is uncountable
and invariant, since g(G) = g((Nrey 9 *(Jo U J1)) C Nreo g " (Jo U J1) C G. Note
that for every a € {0, 1} there is z,, € G such that g"(x,) € J,,.To finish the proof
put Fy = U2, f4(G). O
We will now state the proof of the main theorem based on the previous lemma.
Proof. (Proof of the Theorem 6.) Let f be a transitive map. Clearly Tr(f) =
{z;ws(z) =10,1]} is G5 and dense set. Because of the previous lemma we see that

the set I\ T'r(f) is c-dense. The prove of the converse is the same as in the previous
proof of the main theorem. O
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